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1 Introduction

Categorical compositional distributional semantics is a model of natural language that combines the
statistical vector space models of words with the compositional models of grammar. Recently in the
paper http://arxiv.org/pdf/1602.01635.pdf, submitted for publication elsewhere, we formalised in it the
generalised quantifier theory of natural language, due to Barwise and Cooper [1]. The underlying setting
is that of a compact closed category with bialgebras [2, 4]. We developed an abstract categorical compo-
sitional semantics, then instantiated it to sets and relations and to finite dimensional vector spaces and
linear maps. We proved the equivalence of the relational instantiation to the truth theoretic semantics
of generalized quantifiers and provided concrete corpus-based instantiations. The contributions of our
work is three fold: first, it is the first time quantifiers are formalised in categorical compositional distri-
butional semantics, second, it is the first time bialgebras are used, third, it is the first time equivalence
of the setting to a truth-theoretic semantics is formally proved (and not just exemplified).

2 Preliminaries

Vector Models of Natural Language. Given a corpus of text, a set of contexts and a set of target words,
these models work with a so called co-occurrence matrix. This has at each of its entries ‘the degree of
co-occurrence between the target word and the context’ [6]. This degree is determined using the notion
of a window: a span of words or grammatical relations that slides across the corpus and records the
co-occurrences that happen within it. A context can be a word, a lemma, or a feature. A lemma is the
canonical form of a word; it represents the set of different forms a word can take when used in a corpus.
A feature represents a set of words that together express a pertinent linguistic property of a word. Given
an m⇥n co-occurrence matrix, every target word t can be represented by a row vector of length n. The
lengths of the corpus and window are parameters of the model, as are the sizes of the feature and target
sets. We denote a vector model of natural language produced in this way with V

⌃

, where ⌃ is the set of
contexts and V

⌃

is the vector space spanned by it.
Generalised Quantifier Theory of Natural Language. Consider the fragment of English generated by
the following context free grammar:

S ! NP VP
VP ! V NP
NP ! Det N

NP ! John, Mary
N ! cat, dog, man

VP ! sneeze, sleep
V ! love, kiss

Det ! a, some , all, no, most, few, one, two

According to [1], a generalised quantifier model for the language generated by this grammar is a pair
(U, [[ ]]), where U is a universal reference set and [[ ]] is an interpretation function. The interpretation
of a determiner d generated by ‘Det ! d’ is a map [[d]] : P(U) ! PP(U), which assigns to each
A ✓ U , a family of subsets of U . The images of these interpretations are referred to as generalised

quantifiers. Examples are [[some]](A) = {X ✓ U | X \A 6= ;} and [[every]](A) = {X ✓ U | A ✓ X}.
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Semantics

2 Preliminaries

2.1 Generalised Quantifier Theory in Natural Language

We briefly review the theory of generalised quantifiers in natural language [2]. Consider the following
lexicon

NP = { John, Mary, something, · · · }
N = { cat, dog, man, · · · }

VP = { sneeze, sleep,· · · }
V = { love, kiss, · · · }

Det = { a, the, some, every, each, all, no, most, few, one, two, · · · }

and the fragment of English generated over the above by induction according to the following phrase
structure descriptions:

S ! NP VP
VP ! V NP
NP ! Det N

A model for the language is a pair (U, [[ ]]), where U is a universal reference set and [[ ]] is a function that
assigns to each expression of language an interpretation. For the lexicon items N,NP, V, V P , these
interpretations are defined as follows:

[[N]] ✓ U, [[NP ]] ✓ U, [[VP ]] ✓ U, [[V]] ✓ U ⇥ U

The interpretation of a determiner Det is a map defined as follows

[[Det]] : P(U) ! PP(U)

It assigns to each A ✓ U , a family of subsets of U , examples are as follows:

[[some]](A) = {X ✓ U | X \A 6= ;}
[[Every]](A) = {X ✓ U | A ✓ X}

[[no]](A) = {X ✓ U | A \X = ;}
[[n]] = {X ✓ U | | X \A |= n}

[[most]](A) = {X ✓ U | X contains most A’s}
[[few]](A) = {X ✓ U | X contains few A’s}

The interpretation of a noun phrase ‘NP’ generated by the rule ‘NP ! Det N’ is defined as follows:

[[Det N]] = [[Det]]([[N]]) where X 2 [[Det]]([[N]]) iff (X \ [[N ]]) 2 [[Det]]([[N]])

The interpretation of a verb phrase ‘VP’ generated by the rule ‘VP ! V NP’ is defined as follows

[[V NP]] = {x | [[NP ]] ({y | [[V(x, y)]]})}

The interpretation of a sentence is defined as follows

[[S]] = [[NP ]]([[VP ]])

The vector representations of the target word ‘dolphin’ with the raw counts and its functions, as
discussed above, are as follows:

raw = (500, 10, 700, 0)

P : = (

5

20

,

1

200

,

7

20

, 0)

LR : = (25000, 500, 17500, 0)

logLR : = (1.397,�0.301, 1.2430, 0)

Various notions of distance (length, angle) between the vectors have been used to measure the degree
of similarity (semantic, lexical, information content) between the words. For instance, for the cosine of
the angle between the vectors of dolphin and other target words we obtain:

cos(

����!
dolphin,

���!
shark) = 0.87 cos(

����!
dolphin,��!pony) = 0.009

This indicates that the degree of similarity between dolphin and shark is much higher than that
of dolphin and pony. These degrees directly follow the co-occurrence degrees we have set above, that
dolphin and shark have co-occurred often with the same fearture, but dolphin and pony have done so to
a much lesser degree.

2.2 Generalised Quantifier Theory in Natural Language

We briefly review the theory of generalised quantifiers in natural language as presented in [3]. Consider
the fragment of English generated by the following context free grammar:

S ! NP VP
VP ! V NP
NP ! Det N

NP ! John, Mary, something, · · ·
N ! cat, dog, man, · · ·

VP ! sneeze, sleep,· · ·
V ! love, kiss, · · ·

Det ! a, the, some, every, each, all, no, most, few, one, two, · · ·

A model for the language generated by this grammar is a pair (U, [[ ]]), where U is a universal
reference set and [[ ]] is an interpretation function defined by induction as follows.

– On terminals.
• The interpretation of a determiner d generated by ‘Det ! d’ is a map with the following type:

[[d]] : P(U) ! PP(U)

It assigns to each A ✓ U , a family of subsets of U . The images of these interpretations are
referred to as generalised quantifiers. For logical quantifiers, they are defined as follows:

[[some]](A) = {X ✓ U | X \A 6= ;}
[[every]](A) = {X ✓ U | A ✓ X}

[[no]](A) = {X ✓ U | A \X = ;}
[[n]](A) = {X ✓ U | | X \A |= n}

A similar method is used to define non-logical quantifiers, for example “most A” is defined to
be the set of subsets of U that has ‘most’ elements of A, “few A” is the set of subsets of U that
contain ‘few’ elements of A, and similarly for ‘several’ and ‘many’.
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Semantics

2 Preliminaries

2.1 Generalised Quantifier Theory in Natural Language

We briefly review the theory of generalised quantifiers in natural language [2]. Consider the following
lexicon

NP = { John, Mary, something, · · · }
N = { cat, dog, man, · · · }

VP = { sneeze, sleep,· · · }
V = { love, kiss, · · · }

Det = { a, the, some, every, each, all, no, most, few, one, two, · · · }

and the fragment of English generated over the above by induction according to the following phrase
structure descriptions:

S ! NP VP
VP ! V NP
NP ! Det N

A model for the language is a pair (U, [[ ]]), where U is a universal reference set and [[ ]] is a function that
assigns to each expression of language an interpretation. For the lexicon items N,NP, V, V P , these
interpretations are defined as follows:

[[N]] ✓ U, [[NP ]] ✓ U, [[VP ]] ✓ U, [[V]] ✓ U ⇥ U

The interpretation of a determiner Det is a map defined as follows

[[Det]] : P(U) ! PP(U)

It assigns to each A ✓ U , a family of subsets of U , examples are as follows:

[[some]](A) = {X ✓ U | X \A 6= ;}
[[Every]](A) = {X ✓ U | A ✓ X}

[[no]](A) = {X ✓ U | A \X = ;}
[[n]] = {X ✓ U | | X \A |= n}

[[most]](A) = {X ✓ U | X contains most A’s}
[[few]](A) = {X ✓ U | X contains few A’s}

The interpretation of a noun phrase ‘NP’ generated by the rule ‘NP ! Det N’ is defined as follows:

[[Det N]] = [[Det]]([[N]]) where X 2 [[Det]]([[N]]) iff (X \ [[N ]]) 2 [[Det]]([[N]])

The interpretation of a verb phrase ‘VP’ generated by the rule ‘VP ! V NP’ is defined as follows

[[V NP]] = {x | [[NP ]] ({y | [[V(x, y)]]})}

The interpretation of a sentence is defined as follows

[[S]] = [[NP ]]([[VP ]])

• The interpretation of a terminal y 2 {np, n, vp} generated by either of the rules ‘NP ! np, N
! n, VP ! vp’ is [[y]] ✓ U . That is, noun phrases, nouns and verb phrases are interpreted as
subsets of the reference set.

• The interpretation of a terminal y generated by the rule V ! y is [[y]] ✓ U ⇥ U . That is, verbs
are interpreted as binary relations over the reference set.

– On non-terminals.
• The interpretation of expressions generated by the rule ‘NP ! Det N’ is as follows:

[[Det N]] = [[d]]([[n]]) where X 2 [[d]]([[n]]) iff X \ [[n]] 2 [[d]]([[n]])

for Det ! d and N ! n

• The interpretations of expressions generated by other rules are as usual, that is

[[V NP]] = [[v]]([[np]]) [[NP VP]] = [[vp]]([[np]])

Here, for R ✓ U ⇥ U and A ✓ U , by R(A) we mean the forward image of R on A, that is
R(A) = {y | (x, y) 2 R, for x 2 A}. To keep the notation unified, for R a unary relation
R ✓ U , we use the same notation and define R(A) = {y | y 2 R, for x 2 A}, i.e. R \A.

y 2 {np, n, vp} Y ! y [[y]] ✓ U V ! v [[v]] ✓ U ⇥ U Det ! d

The expressions generated by the rule ‘NP ! Det N’ satisfy a property referred to by living on or
conservativity, defined below.

Definition 1. For a terminal d generated by the rule ‘Det ! d’, we say that [[d]](A) lives on A whenever

X 2 [[d]](A) iff X \A 2 [[d]](A), for A,X ✓ U .

The ‘meaning’ of a sentence is its truth value, defined as follows:

Definition 2. The meaning of a sentence in generalised quantifier theory is true iff [[NP VP]] 6= ;.

As an example, meaning of a sentence with a quantified phrase at its subject position becomes as
follows:

[[Det N VP]] =

(
true if [[vp]] \ [[n]] 2 [[Det N]]

false otherwise

For instance, meaning of ‘some men sneeze’, which is of this form, is true iff [[sneeze]] \ [[men]] 2
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An example of this case is the meaning of ‘John liked some trees’, which is true iff [[trees]]\[[like]]([[John]]) 2
[[some trees]], that is, whenever, the set of things that are liked by John and are trees is a non-empty set.
Similarly, the sentence ‘John liked five trees’ is true iff the set of things that are liked by John and are
trees has five elements in it.

• The interpretation of a terminal y 2 {np, n, vp} generated by either of the rules ‘NP ! np, N
! n, VP ! vp’ is [[y]] ✓ U . That is, noun phrases, nouns and verb phrases are interpreted as
subsets of the reference set.
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As an example, meaning of a sentence with a quantified phrase at its subject position becomes as
follows:

[[Det N VP]] =

(
true if [[vp]] \ [[n]] 2 [[Det N]]

false otherwise

For instance, meaning of ‘some men sneeze’, which is of this form, is true iff [[sneeze]] \ [[men]] 2
[[some men]], that is, whenever the set of things that sneeze and are men is a non-empty set. As another
example, consider the meaning of a sentence with a quantified phrase at its object position, whose
meaning is as follows:
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(
true if [[np]] \ [[v]]([[np]]) 2 [[Det N]]

false otherwise

An example of this case is the meaning of ‘John liked some trees’, which is true iff [[trees]]\[[like]]([[John]]) 2
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Nouns, noun phrases and verb phrases are interpreted as subsets of U , verbs as subsets of U ⇥ U . The
interpretation of expressions of the form

[[Det N]] = [[d]]([[n]])

, where X 2 [[d]]([[n]]) iff X \ [[n]] 2 [[d]]([[n]]), for Det ! d and N ! n. The meaning of a sentence
is its truth value, defined as follows:

Definition 1. The meaning of a sentence s in generalised quantifier theory is true iff [[s]] 6= ;.

3 Abstract Compact Closed Semantics

An abstract compact closed categorical model for the language generated by a context free grammar is
a tuple (C,W,S, [[ ]]), where C is a self adjoint compact closed category with two distinguished objects
W and S with bialgebras on them, and [[ ]] is a strongly monoidal functor, defined as follows:

[[x]] :=

8
>>>>>><

>>>>>>:

W x 2 P, x = p, x = n

S x 2 P, x = s

I ! [[�(x)]] x 2 P,A ! x is an atomic rule in R and A 2 {NP,N,VP,V}
[[�(x)]] ! [[�(x)]] same as above but A = Det
I ! [[�(x)]] x 2 T

Here [[ ]] : P ! C, for P the pregroup obtained via the cfg-pregroup transformation �, for details please
see the main paper. Meaning of sentences with a quantified subject and object are each depicted below,
where the box containing d represents the morphism corresponding to [[d]]:
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4 Truth Theoretic Interpretation in Rel

Rel, the cateogry of sets and relations, is a self adjoint compact closed category, with ⌦ the cartesian
product and I = {?} its unit and with adjoints as identities on objects. For an object in Rel of the form
W = P(U), we give W a bialgebra structure by taking

� : S �!| S ⇥ S :: A�(B,C) () A = B = C, ◆ : S �!| I ::A◆? () always true
µ : S ⇥ S �!| S :: (A,B)µC () A \B = C, ⇣ : {?} �!| S :: ? ⇣A () A = U

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model. This instantiation is the tuple (Rel,P(U), {?}, [[ ]]),
where the interpretations of terminals are defined by the following relations:

– The interpretation of a terminal x generated by any of N,NP, and VP is ?[[x]]A () A = [[x]].

Phrases
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1 Introduction

Categorical compositional distributional semantics is a model of natural language that combines the
statistical vector space models of words with the compositional models of grammar. Recently in the
paper http://arxiv.org/pdf/1602.01635.pdf, submitted for publication elsewhere, we formalised in it the
generalised quantifier theory of natural language, due to Barwise and Cooper [1]. The underlying setting
is that of a compact closed category with bialgebras [2, 4]. We developed an abstract categorical compo-
sitional semantics, then instantiated it to sets and relations and to finite dimensional vector spaces and
linear maps. We proved the equivalence of the relational instantiation to the truth theoretic semantics
of generalized quantifiers and provided concrete corpus-based instantiations. The contributions of our
work is three fold: first, it is the first time quantifiers are formalised in categorical compositional distri-
butional semantics, second, it is the first time bialgebras are used, third, it is the first time equivalence
of the setting to a truth-theoretic semantics is formally proved (and not just exemplified).

2 Preliminaries

Vector Models of Natural Language. Given a corpus of text, a set of contexts and a set of target words,
these models work with a so called co-occurrence matrix. This has at each of its entries ‘the degree of
co-occurrence between the target word and the context’ [6]. This degree is determined using the notion
of a window: a span of words or grammatical relations that slides across the corpus and records the
co-occurrences that happen within it. A context can be a word, a lemma, or a feature. A lemma is the
canonical form of a word; it represents the set of different forms a word can take when used in a corpus.
A feature represents a set of words that together express a pertinent linguistic property of a word. Given
an m⇥n co-occurrence matrix, every target word t can be represented by a row vector of length n. The
lengths of the corpus and window are parameters of the model, as are the sizes of the feature and target
sets. We denote a vector model of natural language produced in this way with V

⌃

, where ⌃ is the set of
contexts and V

⌃

is the vector space spanned by it.
Generalised Quantifier Theory of Natural Language. Consider the fragment of English generated by
the following context free grammar:

S ! NP VP
VP ! V NP
NP ! Det N

NP ! John, Mary
N ! cat, dog, man

VP ! sneeze, sleep
V ! love, kiss

Det ! a, some , all, no, most, few, one, two

According to [1], a generalised quantifier model for the language generated by this grammar is a pair
(U, [[ ]]), where U is a universal reference set and [[ ]] is an interpretation function. The interpretation
of a determiner d generated by ‘Det ! d’ is a map [[d]] : P(U) ! PP(U), which assigns to each
A ✓ U , a family of subsets of U . The images of these interpretations are referred to as generalised

quantifiers. Examples are [[some]](A) = {X ✓ U | X \A 6= ;} and [[every]](A) = {X ✓ U | A ✓ X}.
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Semantics

2 Preliminaries

2.1 Generalised Quantifier Theory in Natural Language

We briefly review the theory of generalised quantifiers in natural language [2]. Consider the following
lexicon

NP = { John, Mary, something, · · · }
N = { cat, dog, man, · · · }

VP = { sneeze, sleep,· · · }
V = { love, kiss, · · · }

Det = { a, the, some, every, each, all, no, most, few, one, two, · · · }

and the fragment of English generated over the above by induction according to the following phrase
structure descriptions:

S ! NP VP
VP ! V NP
NP ! Det N

A model for the language is a pair (U, [[ ]]), where U is a universal reference set and [[ ]] is a function that
assigns to each expression of language an interpretation. For the lexicon items N,NP, V, V P , these
interpretations are defined as follows:

[[N]] ✓ U, [[NP ]] ✓ U, [[VP ]] ✓ U, [[V]] ✓ U ⇥ U

The interpretation of a determiner Det is a map defined as follows

[[Det]] : P(U) ! PP(U)

It assigns to each A ✓ U , a family of subsets of U , examples are as follows:

[[some]](A) = {X ✓ U | X \A 6= ;}
[[Every]](A) = {X ✓ U | A ✓ X}

[[no]](A) = {X ✓ U | A \X = ;}
[[n]] = {X ✓ U | | X \A |= n}

[[most]](A) = {X ✓ U | X contains most A’s}
[[few]](A) = {X ✓ U | X contains few A’s}

The interpretation of a noun phrase ‘NP’ generated by the rule ‘NP ! Det N’ is defined as follows:

[[Det N]] = [[Det]]([[N]]) where X 2 [[Det]]([[N]]) iff (X \ [[N ]]) 2 [[Det]]([[N]])

The interpretation of a verb phrase ‘VP’ generated by the rule ‘VP ! V NP’ is defined as follows

[[V NP]] = {x | [[NP ]] ({y | [[V(x, y)]]})}

The interpretation of a sentence is defined as follows

[[S]] = [[NP ]]([[VP ]])

Sentences

Meaning of a sentence s in 
generalised quantifier 
theory is true iff 

Nouns, noun phrases and verb phrases are interpreted as subsets of U , verbs as subsets of U ⇥ U . The
interpretation of expressions of the form [[Det N]] are [[d]]([[n]]), where X 2 [[d]]([[n]]) iff X \ [[n]] 2
[[d]]([[n]]), for Det ! d and N ! n. The meaning of a sentence is its truth value, defined as follows:

Definition 1. The meaning of a sentence s in generalised quantifier theory is true iff [[s]] 6= ;.

3 Abstract Compact Closed Semantics

An abstract compact closed categorical model for the language generated by a context free grammar is
a tuple (C,W,S, [[ ]]), where C is a self adjoint compact closed category with two distinguished objects
W and S with bialgebras on them, and [[ ]] is a strongly monoidal functor, defined as follows:

[[x]] :=

8
>>>>>><

>>>>>>:

W x 2 P, x = p, x = n

S x 2 P, x = s

I ! [[�(x)]] x 2 P,A ! x is an atomic rule in R and A 2 {NP,N,VP,V}
[[�(x)]] ! [[�(x)]] same as above but A = Det
I ! [[�(x)]] x 2 T

Here [[ ]] : P ! C, for P the pregroup obtained via the cfg-pregroup transformation �, for details please
see the main paper. Meaning of sentences with a quantified subject and object are each depicted below,
where the box containing d represents the morphism corresponding to [[d]]:
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4 Truth Theoretic Interpretation in Rel

Rel, the cateogry of sets and relations, is a self adjoint compact closed category, with ⌦ the cartesian
product and I = {?} its unit and with adjoints as identities on objects. For an object in Rel of the form
W = P(U), we give W a bialgebra structure by taking

� : S �!| S ⇥ S :: A�(B,C) () A = B = C, ◆ : S �!| I ::A◆? () always true
µ : S ⇥ S �!| S :: (A,B)µC () A \B = C, ⇣ : {?} �!| S :: ? ⇣A () A = U

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model. This instantiation is the tuple (Rel,P(U), {?}, [[ ]]),
where the interpretations of terminals are defined by the following relations:

– The interpretation of a terminal x generated by any of N,NP, and VP is ?[[x]]A () A = [[x]].
– The interpretation of a terminal x generated by V is ?[[x]](A, ?, B) () [[x]](A) = B, where
[[x]](A) is the forward image of A in the binary relation [[x]].

– The interpretation of a terminal d generated by Det is A[[d]]B () B 2 [[d]](A).

It is not hard to show that (Rel,P(U), {?}, [[ ]]) provides us with the same meaning as defined in the
generalised quantifier theory. This is made formal as follows:
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statistical vector space models of words with the compositional models of grammar. Recently in the
paper http://arxiv.org/pdf/1602.01635.pdf, submitted for publication elsewhere, we formalised in it the
generalised quantifier theory of natural language, due to Barwise and Cooper [1]. The underlying setting
is that of a compact closed category with bialgebras [2, 4]. We developed an abstract categorical compo-
sitional semantics, then instantiated it to sets and relations and to finite dimensional vector spaces and
linear maps. We proved the equivalence of the relational instantiation to the truth theoretic semantics
of generalized quantifiers and provided concrete corpus-based instantiations. The contributions of our
work is three fold: first, it is the first time quantifiers are formalised in categorical compositional distri-
butional semantics, second, it is the first time bialgebras are used, third, it is the first time equivalence
of the setting to a truth-theoretic semantics is formally proved (and not just exemplified).

2 Preliminaries

Vector Models of Natural Language. Given a corpus of text, a set of contexts and a set of target words,
these models work with a so called co-occurrence matrix. This has at each of its entries ‘the degree of
co-occurrence between the target word and the context’ [6]. This degree is determined using the notion
of a window: a span of words or grammatical relations that slides across the corpus and records the
co-occurrences that happen within it. A context can be a word, a lemma, or a feature. A lemma is the
canonical form of a word; it represents the set of different forms a word can take when used in a corpus.
A feature represents a set of words that together express a pertinent linguistic property of a word. Given
an m⇥n co-occurrence matrix, every target word t can be represented by a row vector of length n. The
lengths of the corpus and window are parameters of the model, as are the sizes of the feature and target
sets. We denote a vector model of natural language produced in this way with V

⌃

, where ⌃ is the set of
contexts and V

⌃

is the vector space spanned by it.
Generalised Quantifier Theory of Natural Language. Consider the fragment of English generated by
the following context free grammar:

S ! NP VP
VP ! V NP
NP ! Det N

NP ! John, Mary
N ! cat, dog, man

VP ! sneeze, sleep
V ! love, kiss

Det ! a, some , all, no, most, few, one, two

According to [1], a generalised quantifier model for the language generated by this grammar is a pair
(U, [[ ]]), where U is a universal reference set and [[ ]] is an interpretation function. The interpretation
of a determiner d generated by ‘Det ! d’ is a map [[d]] : P(U) ! PP(U), which assigns to each
A ✓ U , a family of subsets of U . The images of these interpretations are referred to as generalised
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Semantics

2 Preliminaries

2.1 Generalised Quantifier Theory in Natural Language

We briefly review the theory of generalised quantifiers in natural language [2]. Consider the following
lexicon

NP = { John, Mary, something, · · · }
N = { cat, dog, man, · · · }

VP = { sneeze, sleep,· · · }
V = { love, kiss, · · · }

Det = { a, the, some, every, each, all, no, most, few, one, two, · · · }

and the fragment of English generated over the above by induction according to the following phrase
structure descriptions:

S ! NP VP
VP ! V NP
NP ! Det N

A model for the language is a pair (U, [[ ]]), where U is a universal reference set and [[ ]] is a function that
assigns to each expression of language an interpretation. For the lexicon items N,NP, V, V P , these
interpretations are defined as follows:

[[N]] ✓ U, [[NP ]] ✓ U, [[VP ]] ✓ U, [[V]] ✓ U ⇥ U

The interpretation of a determiner Det is a map defined as follows

[[Det]] : P(U) ! PP(U)

It assigns to each A ✓ U , a family of subsets of U , examples are as follows:

[[some]](A) = {X ✓ U | X \A 6= ;}
[[Every]](A) = {X ✓ U | A ✓ X}

[[no]](A) = {X ✓ U | A \X = ;}
[[n]] = {X ✓ U | | X \A |= n}

[[most]](A) = {X ✓ U | X contains most A’s}
[[few]](A) = {X ✓ U | X contains few A’s}

The interpretation of a noun phrase ‘NP’ generated by the rule ‘NP ! Det N’ is defined as follows:

[[Det N]] = [[Det]]([[N]]) where X 2 [[Det]]([[N]]) iff (X \ [[N ]]) 2 [[Det]]([[N]])

The interpretation of a verb phrase ‘VP’ generated by the rule ‘VP ! V NP’ is defined as follows

[[V NP]] = {x | [[NP ]] ({y | [[V(x, y)]]})}

The interpretation of a sentence is defined as follows

[[S]] = [[NP ]]([[VP ]])

Conservatvity

Nouns, noun phrases and verb phrases are interpreted as subsets of U , verbs as subsets of U ⇥ U . The
interpretation of expressions of the form

[[Det N]] = [[d]]([[n]])

, where X 2 [[d]]([[n]]) iff X \ [[n]] 2 [[d]]([[n]]), for Det ! d and N ! n.

V ! v NP ! np V P ! vp

The meaning of a sentence is its truth value, defined as follows:

Definition 1. The meaning of a sentence s in generalised quantifier theory is true iff [[s]] 6= ;.

3 Abstract Compact Closed Semantics

An abstract compact closed categorical model for the language generated by a context free grammar is
a tuple (C,W,S, [[ ]]), where C is a self adjoint compact closed category with two distinguished objects
W and S with bialgebras on them, and [[ ]] is a strongly monoidal functor, defined as follows:

[[x]] :=

8
>>>>>><

>>>>>>:

W x 2 P, x = p, x = n

S x 2 P, x = s

I ! [[�(x)]] x 2 P,A ! x is an atomic rule in R and A 2 {NP,N,VP,V}
[[�(x)]] ! [[�(x)]] same as above but A = Det
I ! [[�(x)]] x 2 T

Here [[ ]] : P ! C, for P the pregroup obtained via the cfg-pregroup transformation �, for details please
see the main paper. Meaning of sentences with a quantified subject and object are each depicted below,
where the box containing d represents the morphism corresponding to [[d]]:

[[n]] [[vp]]

W WS

W
d

W

W

W

=

SW

[[n]] [[vp]]

W

d

W

W

[[n]]

W S WW

[[np]]

W

[[v]]

S WW

d

W

W

W

=
WW

[[n]][[np]]

W

W
d

W

W

SWW

4 Truth Theoretic Interpretation in Rel

Rel, the cateogry of sets and relations, is a self adjoint compact closed category, with ⌦ the cartesian
product and I = {?} its unit and with adjoints as identities on objects. For an object in Rel of the form
W = P(U), we give W a bialgebra structure by taking

� : S �!| S ⇥ S :: A�(B,C) () A = B = C, ◆ : S �!| I ::A◆? () always true
µ : S ⇥ S �!| S :: (A,B)µC () A \B = C, ⇣ : {?} �!| S :: ? ⇣A () A = U

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model. This instantiation is the tuple (Rel,P(U), {?}, [[ ]]),
where the interpretations of terminals are defined by the following relations:

All professors snore.

All professors are professors who snore.

~



Generalised Quantifiers 
Barwise and Cooper, 1981

Example

Sentence with quantified subject

The meaning of a sentence is said to be true if the above application is non-empty, that is, if [[VP ]] 2
[[NP ]] and false otherwise, that is if the above application is empty, equivalently if [[VP ]] /2 [[NP ]].

In generalised quantifier theory of natural language, items of the lexicon set ‘Det’ are not quantifiers
yet; they become quantifiers when used in phrases such as ‘Det N’. In this sense, quantifiers act like
noun phrases. For instance, ‘some’ on its own is not a quantifier, after applied to a noun, for example
in the phrase ‘some cat’, it becomes a quantifier. In what follows we refer to the phrases ‘Det N’ as
quantified phrases. The interpretations of quantified phrases satisfies a property referred to by living on

or conservativity. This property says that a set X belongs to the interpretation of a quantified phrase
‘Det N’, that is X 2 [[Det]]([[N]]) if and only if the intersection of X and interpretation of N belongs to
it, that is X\ [[N ]] 2 [[Det]]([[N]]). In other words, the interpretation of the quantified phrase ‘Det N’ lives
on the interoperation of ‘N’, that is, whether or not X belongs to [[Det N]] only depends on X \ [[N ]].

This property plays a role in deciding meanings of sentences with quantified phrases in them. The
interpretation of a quantified phrase in a subject position ‘Det N VP’ becomes as follows

[[Det N VP]] =

(
1 [[V P ]] 2 [[Det N]]

0 other wise

The sentence ‘Det N VP’ is true whenever [[V P ]] 2 [[Det N]]; by the living on property, this is equivalent
to [[V P ]] \ [[N ]] 2 [[Det N]]. For instance, meaning of ‘some cats sneeze’ is true whenever
[[sneeze]] \ [[men]] 2 [[some men]]. That is, whenever the set of things that sneeze and are men is a non-
empty set. The sentence ‘five men sneeze’ is true whenever the set of things that sneeze and are men has
five elements and so on.

Similarly, the interpretation of a quantified phrase in an object position ‘V Det N’ becomes as follows

[[V Det N]] =

(
1 {y | [[V (x, y)]]} 2 [[Det N]]

0 otherwise

The sentence ‘NP V Det N’ is true whenever {y | [[V([[NP ]], y)]]} 2 [[Det N]]; by the living on property,
this is equivalent to {y | [[V([[NP ]], y)]]} \ [[N ]] 2 [[Det N]]. For instance, meaning of ‘John kissed some
cats’ is true whenever {y | [[kiss([[John]], y)]]} \ [[cats]] 2 [[some cats]]. That is, whenever, the set of
things that are kissed by John and are cats is a non-empty set. The sentence ‘John kissed five cats’ is
true whenever the set of things that are kissed by John and are cats has five elements and so on.

2.2 Category Theoretic and Diagrammatic Definitions

This subsection briefly reviews compact closed categories and Frobenius algebras. For a formal presen-
tation, see [10, 11]. A compact closed category, C, has objects A,B; morphisms f : A ! B; a monoidal
tensor A⌦B that has a unit I; and for each object A two objects Ar and Al together with the following
morphisms:

A⌦Ar ✏rA�! I
⌘rA�! Ar ⌦A Al ⌦A

✏lA�! I
⌘lA�! A⌦Al

These morphisms satisfy the following equalities, sometimes referred to as the yanking equalities, where
1A is the identity morphism on object A:

(1A ⌦ ✏lA) � (⌘lA ⌦ 1A) = 1A (✏rA ⌦ 1A) � (1A ⌦ ⌘rA) = 1A

(✏lA ⌦ 1A) � (1Al ⌦ ⌘lA) = 1Al (1Ar ⌦ ✏rA) � (⌘rA ⌦ 1Ar) = 1Ar

some men sneeze
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In the first example, ‘some’ inputs ‘cats’ and outputs a noun phrase; in the second example, first ‘some’
inputs ‘cats’ and outputs a noun phrase, then ‘sneeze’ inputs this noun phrase and outputs a sentence;
in the last example, again first ‘some’ inputs ‘cats’ and outputs a noun phrase, at the same time the verb
inputs ‘John’ and outputs a verb phrase of type s · pl, which then inputs the p from the phrase ‘some
cats’ and outputs a sentence.

In the pregroup grammar of English presented in [30], Lambek proposes to type the quantifiers as
follows:

when modifying the subject : ssl⇡⇡l when modifying the object : osrsol

For the subject case, we have the identity ss

l

⇡⇡

l

= s(⇡

r

s)

l

⇡

l, which means that the quantifier inputs
the subject (of type ⇡) and the whole verb phrase and produces a sentence. Similarly, in the object case
we have os

r

so

l

= (so

l

)

r

so

l. These types are translations of the original Lambek calculus types for
quantifiers, where they were designed such that they would get a first order logic semantics through
a correspondence with lambda calculus [4]. However, as explained in [30], due to the ambiguities in
Lambek calculus-pregroup translations such a correspondence fails for pregroups. Consequently, the
above types fail to provide a logical semantics for quantifiers. In this paper, we have taken a different
approach and go by the types coming from the CFG of generalised quantifier theory. It will become
apparent in the proceeding sections how this together with the use of compact closed categories offers a
solution.

2.4 Category Theoretic and Diagrammatic Definitions

This subsection briefly reviews compact closed categories and bialgebras. For a formal presentation, see
[26, 27, 36]. A compact closed category, C, has objects A,B; morphisms f : A ! B; and a monoidal
tensor A ⌦ B that has a unit I , that is we have A ⌦ I

⇠
=

I ⌦ A

⇠
=

A. Furthermore, for each object A
there are two objects Ar and A

l and the following morphisms:

A⌦A

r

✏

r
A�! I

⌘

r
A�! A

r ⌦A A

l ⌦A

✏

l
A�! I

⌘

l
A�! A⌦A

l

These morphisms satisfy the following equalities, where 1

A

is the identity morphism on object A:

(1

A

⌦ ✏

l

A

) � (⌘l
A

⌦ 1

A

) = 1

A

(✏

r

A

⌦ 1

A

) � (1
A

⌦ ⌘

r

A

) = 1

A

(✏

l

A

⌦ 1

A

) � (1
A

l ⌦ ⌘

l

A

) = 1

A

l (1

A

r ⌦ ✏

r

A

) � (⌘r
A

⌦ 1

A

r
) = 1

A

r

These express the fact the A

l and A

r are the left and right adjoints, respectively, of A in the 1-object
bicategory whose 1-cells are objects of C. A self adjoint compact closed category is one in which for
even object A we have A

l ⌘ A

r ⌘ A.
Given two compact closed categories C and D a strongly monoidal functor F : C ! D is defined as

follows:
F (A⌦B) = F (A)⌦ F (B) F (I) = I

One can show that this functor preserves the compact closed structure, that is we have:

F (A

l

) = F (A)

l

F (A

r

) = F (A)

r

A bialgebra in a symmetric monoidal category

(C,⌦, I,�)

Over a sym. comp. closed cat. 

a bialgebra is a tuple

is a tuple

(X, �, ◆, µ, ⇣)

where, for X an object of C, the triple

(X, �, ◆)

is an internal comonoid; i.e. the following are coassociative and counital morphisms of C:

� : X ! X ⌦X ◆ : X ! I

Moreover (X,µ, ⇣) is an internal monoid; i.e. the following are associative and unital morphisms:

µ : X ⌦X ! X ⇣ : I ! X

And finally � and µ satisfy the four equations [36]

◆ � µ = ◆⌦ ◆ (Q1)
� � ⇣ = ⇣ ⌦ ⇣ (Q2)
� � µ = (µ⌦ µ) � (id

X

⌦�

X,X

⌦ id

X

) � (� ⌦ �) (Q3)
◆ � ⇣ = id

I

(Q4)

Informally, the comultiplication � dispatches to copies the information contained in one object into
two objects, and the multiplication µ unifies or merges the information of two objects into one. In what
follows, we present three examples of compact closed categories, two of which with bialgebras.

2.5 Three Examples of Compact Closed Categories

Example 1. Pregroup Algebras A pregroup algebra P = (P,, ·, (�)

l

, (�)

r

) is a compact closed
category whose objects are the elements of the set p 2 P are the objects of the category and the partial
ordering between the elements are the morphisms. That is, for p, q 2 P , we have that p ! q is a
morphism of the category iff p  q in the partial order. The tensor product of the category is the monoid
multiplication, whose unit is 1, and the adjoints of objects are the adjoints of the elements of the algebra.
The epsilon and eta morpshism are thus as follows:

p · pr
✏

r
p�! 1

⌘

r
p�! p

r · p p

l · p
✏

l
p�! 1

⌘

l
p�! p · pl

The above directly follow from the preroup inequalities on the adjoints. A pregroup with a bialgebra
structure on it becomes degenerate. To see this, suppose we have such an algebra on the object p of
such a pregroup. Then the unit morphism of the internal comonoid of this algebra becomes the partial
ordering ◆ : p  1; taking the right adjoints of both sides of this inequality will yield 1 = 1

r  p

r, and
by the multiplying both sides of this with p we will obtain p  p · pr, which by adjunction results in
p  p · pr  1, hence we have p  1 and also 1  p, thus p must be equal to 1. That is, assuming that
we have a bialgebra on an object will mean that that object is 1.

Example 2. Finite Dimensional Vector Spaces over R. These structures together with linear maps
form a compact closed category, which we refer to as FdVect. Finite dimensional vector spaces V,W
are objects of this category; linear maps f : V ! W are its morphisms with composition being the
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monoid

comonoid

Q3

As for the bialgebra, the diagrams for the monoid and comonoid morphisms and their interaction
(the bialgebra law Q3) are as follows:

(µ, ⇣) (�, ◆)

=

3 Abstract Compact Closed Semantics

Definition 3. An abstract compact closed categorical model for the language generated by the grammar

G = (T,N, S,R) is a tuple (C,W, S, [[ ]]) where C is a self adjoint compact closed category with two

distinguished objects W and S, where W has a bialgebra on it, and [[ ]] : T [ P ! C is a strongly

monoidal functor on the pregroup grammar P = (T,�, s) obtained from G via the mapping � : T[N !
P , given by

[[x]] :=

8
>>>>>><

>>>>>>:

W x 2 P, x = p, x = n

S x 2 P, x = s

I ! [[�(x)]] x 2 P,A ! x is an atomic rule in R and A 2 {NP,N,VP,V}
[[�(x)]] ! [[�(x)]] same as above but A = Det

I ! [[�(x)]] x 2 T

The categorical semantics of the CFG rules of generalised quantifiers becomes as follows:

NP ! np =) [[np]] := I ! [[�(np)]] : I ! W

N ! n =) [[n]] := I ! [[�(n)]] : I ! W

VP ! vp =) [[vp]] := I ! [[�(vp)]] : I ! W

r ⌦ S

V ! v =) [[v]] := I ! [[�(v)]] : I ! W

r ⌦ S ⌦W

l

Det ! d =) [[d]] := I ! [[�(d)]] : W ! W

with the following diagrams:

W W

[[np]] [[n]]

W

r

W

r

S S

W

l

[[vp]] [[v]]

[[d]]

W

W

Intuitively, noun phrases and nouns are elements within the object W . Verb phrases are elements within
the object W r ⌦S; the intuition behind this representation is that in a compact closed category we have
that W r ⌦ S

⇠
=

W ! S, where W

r ! S = hom(W,S) is an internal hom object of the category,
coming from its monoidal closedness. Hence, we are modelling verb phrases as morphisms with input
W and output S. Similarly, verbs are elements within the object W r⌦S⌦W

r, equivalent to morphisms
W⌦W ! S with pairs of input from W and output S. Determiners are morphisms W ! W that further
satisfy the categorical version of the living on property, defined below.
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Instantiation to Rel 

To an object P(U) of Rel, we give bialgebra structure 
as follows:

2 Quantifier Scope

These morphisms satisfy four equalities, known by ‘yanking’, which we will not give here and the reader
can check them here [4].

A bialgebra in a symmetric monoidal category (C ,⌦, I,s) is a tuple (X ,d , i ,µ,z ) where, for X an
object of C , the triple (X ,d , i) is an internal comonoid and (X ,µ,z ) is an internal monoid. This means
that we have the following morphisms in C :

d : X ! X ⌦X , i : X ! I; µ : X ⌦X ! X , z : I ! X

where d and i are coassociative and counital and µ and z are associative and unital. d and µ satisfy the
following four equations [9]:

i �µ = i ⌦ i (Q1)
d �z = z ⌦z (Q2)
d �µ = (µ ⌦µ)� (idX ⌦sX ,X ⌦ idX)� (d ⌦d ) (Q3)
i �z = idI (Q4)

Among examples of compact closed categories are category of sets and relations Rel and category of
finite dimensional vector spaces and linear maps FdVect. Both Rel and FdVect are symmetric. Hence in
these categories for any two objects A,B we have A⌦B ⇠= B⌦A. As a result, for any object A we obtain
that Ar = Al = A⇤, for A⇤ a dual object. In Rel, for any set S, we have that S⇤ ⇠= S. In FdVect, this holds
for vector spaces that have a fixed basis. In Rel, given a set S with elements si,s j 2 S, the epsilon and eta
maps are given as follows:

e = e l = er : S⇥S 9 I, (si,s j)e? () si = s j

h = h l = hr : I 9 S⇥S, ?h(si,s j) () si = s j

Here, ⇥ is the tensor of the category with the singleton set I = {?} as its unit. In FdVect, given a basis
{ri}i for a vector space V , the epsilon and eta maps are as follows:

e = e l = er : V ⌦V ! R, e

 

Â
i j

ci j (yi ⌦f j)

!
= Â

i j
ci jhyi | f ji

h = h l = hr : R!V ⌦V, h (1) = Â
i
(|rii⌦ |rii)

Here ⌦ is the tensor product of two vector spaces with R as its unit.
As it will become apparent in the next section, generalised quantifiers are maps of the form P(U)!

PP(U), for U a universe of reference. Thus, the bialgebra structures that we are interested in are on
powerset objects. In Rel, these are over objects of the form P(U). In FdVect, they are over vector spaces
spanned by such objects, that is VP(U). In Rel, for A,B,C ✓U , they are defined as follows:

d : P(U)9 P(U)⇥P(U) Ad (B,C) () A = B =C
i : P(U)9 {?}, Ai? () (always true)
µ : P(U)⇥P(U)9 P(U), (A,B)µC () A\B =C
z : {?}9 P(U), ?z A () A =U

The coalgebraic d map copies its input A into its two outputs B and C, so we have A = B =C. Its unit i
relates any subset A of U to the single element in {?}. The algebraic µ map, takes two subsets A and B
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To V a vector space with basis P(U) we give 
bialgebra structure as follows:

For U a universe of reference and A, B its subsets.

M. Sadrzadeh 3

and relates them to their intersection A\B. Its unit z relates the ? to the universe of reference. The abov
definitions become as follows in FdVect:

d : VP(U) !VP(U)⌦VP(U) d |Ai= |Ai⌦ |Ai
i : VP(U) ! R, i |Ai= 1

µ : VP(U)⇥VP(U) !VP(U), µ(|Ai⌦ |Bi) = |A\Bi
z : R!VP(U), z = |Ui

where they have the same functionalities. d copies its input basis vector and i relates it to 1 2R. µ sends
its two input basis vectors to the basis vector obtained by taking the intersection of them. Recall that
the basis vectors are subsets of U , hence their intersection is set intersection. In previous work [6], we
showed how these definitions satisfy the bialgebra conditions (Q1) to (Q4).

Diagrammatically, a morphism f : A! B and an identity on an object A of a compact closed category
are depicted as follows:

f

A

B

A

In concrete categories, morphisms of the form I ! A represent elements of A. These are depicted as
follows for elements of A,A⌦B, and A⌦B⌦C; elements of other tensor objects are depicted similiarly:

A B BA CA
The e and h maps are depicted by cups and caps, and yanking by straightening of curves. We have

one of the following tuple of diagrams for each e and h :

Al

A Al

A
Al A Al

= A

The diagrams for the bialgebraic monoid and comonoid morphisms and their interaction (the bialge-
bra law Q3) are as follows:

(µ,z ) (d , i) =

3 Generalised Quantifiers in Natural Language

A generalised quantifier q on a universe U is the image of a function of the following form:

q : P(U)! PP(U)
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the object W r ⌦S; the intuition behind this representation is that in a compact closed category we have
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⇠
=

W ! S, where W

r ! S = hom(W,S) is an internal hom object of the category,
coming from its monoidal closedness. Hence, we are modelling verb phrases as morphisms with input
W and output S. Similarly, verbs are elements within the object W r⌦S⌦W

r, equivalent to morphisms
W⌦W ! S with pairs of input from W and output S. Determiners are morphisms W ! W that further
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morphism to this input, and only then take its intersection with the result. So we need to first copy the
input. For this, we use the bialgebraic comonoid map d . With these considerations in mind, we defined
a conservative quantifier to be the following morphism:

[[d]] = (1W ⌦ eW )� (1W ⌦µW ⌦ eW ⌦1W )� (1W ⌦ [[d]]⌦dW ⌦1W⌦W )� (1W ⌦hW ⌦1W⌦W )� (hW ⌦1W )

which is depicted as follows:

[[d]]

W

W

=
[[d]]

W

W W

W

W

Taking the above into account, we obtain the following for the meaning of ‘d n’:

[[d]]

W

W

[[n]]

=

[[n]]

W

W

[[d]]

W

W

W

Using the dual of the bialgebra defined previously, the above can further simplify. or reasons of space,
we do not give this simplification here and refer the reader to [6].

So far, we have worked with an abstract compact closed categorical setting and within tuples of the
form (C ,W,S, [[ ]]), as defined previously. This abstract setting can instantiate to provide concrete models.
For instance, a relational instantiation of the abstract setting can be the tuple (Rel,P(U ),{?}, [[ ]]) with
P(U ) and the singleton set {?} as its two designated objects and where P(U) has a bialgebra over it.
This is the relational instantiation we used in previous work to prove an equivalence between the truth
theoretic version of our semantics and that of Barwise and Cooper. Herein, we first defined meaning of
a sentence s to be true iff ?[[s]]?. We then proved the following equivalence:

?[[s]]? iff [[s]] 6= /0 (1)

That is, the meaning of a quantified sentence is true in the relational instantiation of our abstract categor-
ical setting iff it is true in the generalised quantifier theory. Since sets and relations embed into vector
spaces and linear maps (sets as vector spaces spanned by their elements and relations as linear maps
corresponding to their tables), one can immediately obtains the following embedding of instantiations:

(Rel,P(U ),{?}, [[ ]]) ; (FdVect,VP(U ),V{?}, [[ ]])
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Diagrammatically, this stipulation means that we have the following equality of diagrams:

[[d]]

W

W

=

[[d]]

W

W W

W

W

=

W

[[d]]

WW

W

Intuitively, semantics of [[d]] ends up being in W ⌦W , obtained by making a copy (via the bialgebra
map �) of one of the inputs in W , applying the determiner to one copy and taking the intersection of the
other copy (via the bialgebra map µ) with the other input in W .

Meanings of expressions of language are obtained according to the following definition:

Definition 5. The interpretation of a string w1 · · ·wn

, for w

i

2 T with a grammatical reduction ↵ is

[[w1 · · ·wn

]] := [[↵]]

⇣
[[w1]]⌦ · · ·⌦ [[w

n

]]

⌘

For example, the interpretation of an intransitive sentence with a quantified phrase in subject position
and its simplified forms are as follows:

[[n]] [[vp]]

W W S

W

[[d]]

W

W

W

=

SW

[[n]] [[vp]]

W

[[d]]

W

W

The interpretation of a transitive sentence with a quantified phrase in object position is as follows:

All men sleep

Examples 



Men like all

[[n]]

W S WW

[[np]]

W

[[v]]

S WW

[[d]]

W

W

W

=

WW

[[n]][[np]]

W

W

[[d]]

W

W

S WW

Putting the two cases together, the interpretation of a sentence with quantified phrases both at subject
and at an object position is as follows:

SW

[[d]]

W

W

[[n]]

W

W

W

WW

[[n]][[v]]

[[d]]

W

W

W

W

4 Truth Theoretic Interpretation in Rel

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model.

Definition 6. The instantiation of the abstract model of definition 3 to Rel is a tuple (Rel,P(U), {?}, [[ ]]),
for U the universe of reference. The interpretations of words in this model are defined by the following

relations:

– The interpretation of a terminal x generated by any of the non-terminals N,NP, and VP is

?[[x]]A () A = [[x]]

– The interpretation of a terminal x generated by the non-terminal V is

?[[x]](A, ?, B) () [[x]](A) = B

where [[x]](A) is the forward image of A in the binary relation [[x]].

– The interpretation of a terminal d generated by the non-terminal Det is

A[[d]]B () B 2 [[d]](A)

cars.

– For the second case, we have:

[[s]] = ✏P(U) � (µP(U) ⌦ [[d]]) � (✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]])

Again we calculate in stages. First:

?([[np]]⌦ [[v]]⌦ [[n]])(A,B,C,D) () ?[[np]]A and ? [[v]](B,C) and ? [[n]]D

() A = [[np]] and C = [[v]](B) and D = [[n]]

Second:

? ((✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]]))(C,D,E)

() D = E, and ? ([[np]]⌦ [[v]]⌦ [[n]])(A,A,C,D) for some A

() C = [[v]]([[np]]) and D = E = [[n]]

Third:

? ((µP(U) ⌦ [[d]]) � (✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]]))(F,G)

() F = C \D and D[[d]]G for some ? ((✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]]))(C,D,E)

() F = [[v]]([[np]]) \ [[n]] and G 2 [[d]]([[n]])

Fourth:

? (✏P(U) � (µP(U) ⌦ [[d]]) � (✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]]))?

() ? ((µP(U) ⌦ [[d]]) � (✏P(U) ⌦ idP(U)⌦�P(U)) � ([[np]]⌦ [[v]]⌦ [[n]])) for some F

() [[v]]([[np]]) \ [[n]] 2 [[d]]([[n]])

Again, this is exactly the truth theoretic definition of the meaning of the sentence in generalised
quantifier theory. This completes the proof.

5 Corpus-Based Instantiation in FdVect

The relational model embeds into a vector spaces model using the usual embedding of sets and relations
into vector spaces and linear maps. This embedding sends a set T to a vector space V

T

spanned by
elements of T and a relation R ✓ T ⇥ T to a linear map V

T

! V

T

. By taking T to be P(U) for
the distinguished space W and by taking it to be {?} for the distinguished space S, this embedding
provides us with a vector space instantiation of the categorical model. This instantiation imitates the
truth theoretic model presented in Rel. We refer to it by the boolean FdVect instantiation.

Definition 8. The boolean instantiation of the abstract model of definition 3 to FdVect is the tuple

(FdVect, VP(U), V{?}, [[ ]]), for VP(U) the free vector space generated over the set of subsets of U and

V{?} the one dimensional space. Words are interpreted by the following linear maps:

– The terminals generated by N, NP, VP, and V rules are given by:

[[x]](?) = |[[x]]i

– The interpretation of a terminal d generated by the Det rule is defined as follows on subsets A of U :

[[d]](|Ai) =
X

B2[[d]](A)

|Bi

In Rel instantiation:

Examples 
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[[x]](?) = |[[x]]i

– The interpretation of a terminal d generated by the Det rule is defined as follows on subsets A of U :

[[d]](|Ai) =
X

B2[[d]](A)

|Bi

Relationally:

For the types, note that the interpretation of a terminal x generated by any of the non-terminals
N,NP, and VP has type [[x]] : {?} �!| P(U). The interpretation of a VP is the initial morphism to
P(U) ⌦ {?}, which is isomorphic to P(U), hence it gets the same concrete instantiation as N and NP.
The interpretation of a terminal x generated by the non-terminal V has type [[x]] : {?} �!| P(U) ⌦
{?}⌦ P(U) ⇠

=

P(U)⌦ P(U). Finally, the interpretation of a terminal d generated by the non-terminal
Det has type [[d]] : P(U) �!| P(U).

Informally, the Frobenius µ map is the analog of set-theoretic intersection and the compact closed
epsilon map is the analog of set-theoretic application. It is not hard to show that the truth-theoretic in-
terpretation of the compact closed semantics of quantified sentences provides us with the same meaning
as the generalised quantifier semantics. We make this formal as follows.

Definition 7. The interpretation of a quantified sentence s is true in (Rel,P(U), {?}, [[ ]]) iff ?[[s]]?.

Theorem 1. ?[[s]]? in (Rel,P(U), {?}, [[ ]]) iff [[S]] is true in generalised quantifier theory, as defined in

Definition 2.

Proof. If a sentence is quantified, it is either of the form ‘Det N VP’ or of the form ‘NP V Det N’. For
either case, since {?} is the unit of tensor in Rel, the S objects and morphisms can be dropped from the
meaning morphism.

– For the first case, we have to calculate the [[s]] relation:

✏P(U) � ([[d]]⌦ µP(U)) � (�P(U) ⌦ idP(U)) � ([[n]]⌦ [[vp]]) : {?} �!| {?}

We will calculate this relation in stages. First:

?([[n]]⌦ [[vp]])(A,B) () ?[[n]]A and ? [[vp]]B

() A = [[n]] and B = [[vp]]

since (?, ?)

⇠
=

?. Second:

?((�P(U) ⌦ idP(U)) � ([[n]]⌦ [[vp]]))(A,B,C) () ?([[n]]⌦ [[vp]])(A,C) and A = B

() A = B = [[n]] and C = [[vp]]

Third:

? (([[d]]⌦ µP(U)) � (�P(U) ⌦ idP(U)) � ([[n]]⌦ [[vp]]))(A,B)
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This is the same as the set theoretic meaning of the sentence in generalised quantifier theory.
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For example, the interpretation of an intransitive sentence with a quantified phrase in subject position
and its simplified forms are as follows:
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The interpretation of a transitive sentence with a quantified phrase in object position is as follows:

Abstractly:



Recovering Truth

Theorem

Meaning of a sentence is true in the relational instantiation 
of the compact closed categorical model iff it is true in 
generalized quantifier theory.

Definition
Meaning of a sentence in the relational instantiation of the 
compact closed categorical model is true iff 
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The instantiation of
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Putting the two cases together, the interpretation of a sentence with quantified phrases both at subject
and at an object position is as follows:
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W

W
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4 Truth Theoretic Interpretation in Rel

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model.

Definition 6. The instantiation of the abstract model of definition 3 to Rel is a tuple (Rel,P(U), {?}, [[ ]]),
for U the universe of reference. The interpretations of words in this model are defined by the following

relations:

– The interpretation of a terminal x generated by any of the non-terminals N,NP, and VP is

?[[x]]A () A = [[x]]

– The interpretation of a terminal x generated by the non-terminal V is

?[[x]](A, ?, B) () [[x]](A) = B

where [[x]](A) is the forward image of A in the binary relation [[x]].

– The interpretation of a terminal d generated by the non-terminal Det is

A[[d]]B () B 2 [[d]](A)

(µ, ⇣) (�, ◆)

=

3 Abstract Compact Closed Semantics

Definition 3. An abstract compact closed categorical model for the language generated by the grammar

G = (T,N, S,R) is a tuple (C,W, S, [[ ]]) where C is a self adjoint compact closed category with two

distinguished objects W and S, where W has a bialgebra on it, and [[ ]] : T [ P ! C is a strongly

monoidal functor on the pregroup grammar P = (T,�, s) obtained from G via the mapping � : T[N !
P , given by

[[x]] :=

8
>>>>>><

>>>>>>:

W x 2 P, x = p, x = n

S x 2 P, x = s

I ! [[�(x)]] x 2 P,A ! x is an atomic rule in R and A 2 {NP,N,VP,V}
[[�(x)]] ! [[�(x)]] same as above but A = Det

I ! [[�(x)]] x 2 T

The categorical semantics of the CFG rules of generalised quantifiers becomes as follows:

NP ! np =) [[np]] := I ! [[�(np)]] : I ! W

N ! n =) [[n]] := I ! [[�(n)]] : I ! W

VP ! vp =) [[vp]] := I ! [[�(vp)]] : I ! W

r ⌦ S

V ! v =) [[v]] := I ! [[�(v)]] : I ! W

r ⌦ S ⌦W

l

Det ! d =) [[d]] := I ! [[�(d)]] : W ! W

with the following diagrams:

W W

[[np]] [[n]]

W

r

W

r

S S

W

l

[[vp]] [[v]]

[[d]]

W

W

Intuitively, noun phrases and nouns are elements within the object W . Verb phrases are elements within
the object W r ⌦S; the intuition behind this representation is that in a compact closed category we have
that W r ⌦ S

⇠
=

W ! S, where W

r ! S = hom(W,S) is an internal hom object of the category,
coming from its monoidal closedness. Hence, we are modelling verb phrases as morphisms with input
W and output S. Similarly, verbs are elements within the object W r⌦S⌦W

r, equivalent to morphisms
W⌦W ! S with pairs of input from W and output S. Determiners are morphisms W ! W that further
satisfy the categorical version of the living on property, defined below.

Definition 4. The following morphism defines a categorical living-on property :

⇡ =(1W ⌦ ✏W ) � (1W ⌦ µW ⌦ ✏W ⌦ 1W ) � (1W ⌦ [[d]]⌦ �W ⌦ 1W⌦W ) � (1W ⌦ ⌘W ⌦ 1W⌦W ) � (⌘W ⌦ 1W )

We stipulate [[d]] = ⇡.
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All men admire two cars.

6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}
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language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}

6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}

6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}
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6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}
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where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
[[v]]�1

9 a}

6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]
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6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
possibilities in the semantics regarding the scopes of the quantifications, as follows:

(1) d1x
�
n1(x),q2y(n2(y),v(x,y)

�
(2) d2y

�
n2(y),q1x(n1(x),v(x,y)

�

In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]

[[d2]]9 {b 2 [[n2]] | a
[[v]]9 b}

(2) [[n2]]
[[d2]]9 {b 2 [[n2]] | [[d1n1v�1

b ]]}, where for [[d1n1v�1
b ]] we have [[n1]]

[[d1]]9 {a 2 [[n1]] | b
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6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].
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For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
two determiners d1 and d2, a subject n1, an object n2, and a verb v. Suppose the semantics of this sentence
is represented in a logical form, where the words and their semantics are denoted by the same letter. So
subject 1 and its semantics are both denoted by n1 and similarly for the rest of the words. One faces two
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In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:

(1) 8x
�
man(x),9y(car(y),admire(x,y)

�
(2) 9y

�
car(y),8x(man(x),admire(x,y)

�

Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
junction/implication connectives inside the brackets.

Depending on the choice of quantifiers, the above two options might or might not provide the same
semantics for the sentence. For instance, they will amount to the same meaning for the sentence “some
men admire some cars”, whereas for the sentence “ all men admire some cars”, or “all men admire two
cars”, these interpretations result in two different meanings. For option (2) to be true, all men have
to admire the same car in the sentence “all men admire some cars” and they have to admire the same
two cars in the sentence “all men admire two cars”. Due to the presence of such ambiguities in natural
language sentences, it is desirable that a semantic system can represent both of these interpretations.
The question we address in what follows is whether our bialgebraic treatment of generalised quantifiers
reflects this ambiguity and if so how.

When dealing with the question of scope, the form of the predicates, i.e. whether they are sets or
vectors, relations or linear maps, is less important than the general pattern of the sentences containing
them. This pattern is the same in any instantiation of the abstract categorical semantics. Having this
mind, we start our treatment by working within the relational instantiation and at the end provide an
abstract categorical solution using the diagrammatic representation.

In the relational instantiation, the above two readings are obtained by computing the results of the
following two interpretations:

(1) [[d1 n1]]
�
[[v d2 n2]]

�
(2) [[d2 n2]]

�
[[d1 n1 v]]

�

Unfolding the above provides us with the following:

(1) [[n1]]
[[d1]]9 {a 2 [[n1]] | [[d2n2va]]}, where for [[d2n2va]] we have [[n2]]
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6 Quantifier Scope

where FdVect here is the category of vector spaces equipped with fixed orthogonal bases indexed by
finite sets from the universe U . In FdVect, the vector version of equivalence (1) holds, for details please
see [6]. Since V{?} ⇠= R, meanings of sentences in this model become real numbers, interpretable as
degrees of truth. In order to have vectors as meanings of sentences, we instantiated the model to tuples
of the form (FdVect,VP(S),Z, [[ ]]), where Z is a vector space wherein interpretations of sentences live.
Again, for details please see [6].

5 Scope

For the sake of explaining the question of scope, consider a natural language sentence d1n1vd2n2 with
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In (1), d1 has a wide scope and d2 a narrow scope, whereas in (2) d2 has a wide scope and d1 a narrow
scope. As an example, consider the sentence ‘all men admire some cars’, which can be interpreted by
either of the following two formulae:
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Generalised quantifiers cannot in general be represented in first order logic and the above are not meant
to be formulae of first order logic. To see this, note that we have used commas and not the usual con-
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Depending on the choice of quantifiers, the above two options might or might not provide the same
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In option (1), we first compute the n2’s (i.e. b 2 [[n2]]), that are in the v relationship with an n1 and check
which one of these are in relationship d2 with n2, that is, for example when this set is in d2(n2). From
these, we pick the elements whose n1’s (i.e. a 2 [[n1]]) are in relationship d1 with n1. In option (2), we
do the same but in the opposite order: first pick n1’s that are in the v relationship with an n2 and check
which one of them are related to d1(n1), from these, we pick the ones whose n2 is related to d2(n2).

In the relational instantiation of the categorical setting, we worked with powersets and had our in-
terpreted objects be of the same type: that is of type P(U). Hence, checking if a set is an element of
another set and returning it as the result if this is the case, becomes equivalent to applying the bialgebraic
comonoid operation d of type : P(U) ! P(U)⇥P(U). In the abstract compact closed semantics,
this is the comonoid map on the designated object W , that is d : W !W ⇥W . Taking these into account,
we obtain the following two diagrammatic interpretations for the above two readings:

(1)

[[n1]]

W W

[[va]]

W

[[n2]]

[[d1]] [[d2]] (2)

[[n2]]

WW

[[v�1
b ]]

W

[[n1]]

[[d1]] [[d2]]

In the relational instantiation, we defined [[zx]], for z either v or v�1 and x 2 X , to be the set {y 2

Y | x
[[z]]9 y}. The abstract compact closed form of this set is the morphism I

[[vx]]! Y , derivable from the

morphism I
[[v]]! X ⌦Y . By conservativity, computing the truth of [[d n vx]] is the same as checking whether

[[n]]\ [[vx]] 2 [[d]]([[n]]). In the relational instantiation, we used the bialgebraic monoid map µ : P(U)⇥
P(U)! P(U) to model intersection. In the abstract categorical setting, this becomes the monoid map
on W , and the above diagrams are unfolded as follows:

(1)

[[n1]]

W W

[[va]]

W

[[n2]]

[[d1]]
[[d2]]

(2)

[[n1]]

W W

[[v�1
b ]]

W

[[n2]]

[[d1]]
[[d1]]

Here, since we are now doing two operations on the [[n1]] in reading (1) and on the [[n2]] in reading
(2), we need to apply a µ to [[n1]] in reading (1) and to [[n2]] in reading (2), right at the beginning.
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6 Branching

Branching of quantifiers happens when there is a partial ordering on them. Henkin’s prefix quantifiers
are a form of branching. In the sentence d1n1vd2n2, the partial order between two quantifiers is depicted
as follows:

d1xn1(x)

d2yn2(y)

v(x,y)

When d1 and d2 have a linear ordering between them, the above unfolds to the two readings discussed
in the previous section. The scope options seem to have resulted from having different linear orderings
on quantifiers. This was recognised by Hintikka [?] and Barwise [?] who showed that branching indeed
happens in natural language and how quantifier cope ambiguities are manifestations of it.

The set-theoretic semantics of branching quantifiers is due to Barwise [?] and it is as follows. Sup-
pose [[v]]✓ [[n1]]⇥ [[n2]], then we have the following two cases:

(
d1,d2 upward monotone 9X ✓ [[n1]],9Y ✓ [[n2]],d1[[n1]]X & d2[[n2]]Y & X ⇥Y ✓ [[v]]

d1,d2 downward monotone 9X ✓ [[n1]],9Y ✓ [[n2]],d1[[n1]]X & d2[[n2]]Y & X ⇥Y ◆ [[v]]

The general form of branching in our setting is the following left hand side diagram:

[[n1]]

W

[[n2]]

W

[[v]]

S

[[d2]][[d1]]

[[n1]]

W

[[v]]
S

[[d1]]

[[d2]]

W

[[n2]]
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[[d2]]

(2)

[[n1]]

W W

[[v�1
b
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[[d1]]
[[d1]]

Here, since we are now doing two operations on the [[n1]] in reading (1) and on the [[n2]] in reading
(2), we need to apply a µ to [[n1]] in reading (1) and to [[n2]] in reading (2), right at the beginning.

6 Branching

Branching of quantifiers happens when there is a partial ordering on them. Henkin’s prefix quantifiers
are a form of branching. In the sentence d1n1vd2n2, the partial order between two quantifiers is depicted
as follows:

d1xn1(x)

d2yn2(y)

v(x,y)

When d1 and d2 have a linear ordering between them, the above unfolds to the two readings discussed
in the previous section. The scope options seem to have resulted from having different linear orderings
on quantifiers. This was recognised by Hintikka [?] and Barwise [?] who showed that branching indeed
happens in natural language and how quantifier cope ambiguities are manifestations of it.

The set-theoretic semantics of branching quantifiers is due to Barwise [?] and it is as follows. Sup-
pose [[v]]✓ [[n1]]⇥ [[n2]], then we have the following two cases:

(
d1,d2 upward monotone 9X ✓ [[n1]],9Y ✓ [[n2]],d1[[n1]]X & d2[[n2]]Y & X ⇥Y ✓ [[v]]

d1,d2 downward monotone 9X ✓ [[n1]],9Y ✓ [[n2]],d1[[n1]]X & d2[[n2]]Y & X ⇥Y ◆ [[v]]

The general form of branching in our setting is the following left hand side diagram:

[[n1]]

W

[[n2]]

W

[[v]]

S

[[d2]][[d1]]

[[n1]]

W

[[v]]
S

[[d1]]

[[d2]]

W

[[n2]]

q1   n1      v      q2   n2

All men admire two cars.
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This diagram is very similar to the branching diagram. We have tried to make this apparent by ro-
tating it at the right hand side above. This diagram on its own does not say much until we specify what
is inside the [[v]] triangle. It is according to the content of [[v]] that the quantifiers interact with each
other. We can encode Barwise’s definition in the triangle when defining concrete interpretations for [[v]]
in any of the instantiations. In the relational instantiation, [[v]] is an element of a rank 3 tensors of type
P(U)⌦ {?}⌦P(U), and [[n1]] and [[n2]] are elements of objects of type P(U). Thus in the above
diagram, W will be instantiated as P(U) and S as {?}. Given these, we define:

(
d1,d2 upward monotone ?[[v]](X ,?,Y ) () [[v]](X)✓ Y
d1,d2 downward monotone ?[[v]](X ,?,Y ) () [[v]](X)◆ Y

where [[v]](X) is the forward image of [[X ]] in the binary relation [[v]]. We do not need to explicitly talk
about X ✓ [[n1]] and Y ✓ [[n2]], since the lines of the diagram are identities on the object P(U), hence they
carry subsets. When a line emanates from the triangle that interprets [[n1]], it represents a subset of [[n1]],
and when it emanates from the triangle that interprets [[n2]], it represents a subset of [[n2]]. Generalizing
this definition to the abstract categorical framework is work in progress.

[[n]]

W S WW

[[np]]

W

[[v]]

S WW

[[d]]

W

W

W

=

WW

[[n]][[np]]

W

W

[[d]]

W

W

S WW

Putting the two cases together, the interpretation of a sentence with quantified phrases both at subject
and at an object position is as follows:

SW

[[d]]

W

W

[[n]]

W

W

W

WW

[[n]][[v]]

[[d]]

W

W

W

W

4 Truth Theoretic Interpretation in Rel

A model (U, [[ ]]) of the language of generalised quantifier theory is made categorical via the instantiation
to Rel of the abstract compact closed categorical model.

Definition 6. The instantiation of the abstract model of definition 3 to Rel is a tuple (Rel,P(U), {?}, [[ ]]),
for U the universe of reference. The interpretations of words in this model are defined by the following

relations:

– The interpretation of a terminal x generated by any of the non-terminals N,NP, and VP is

?[[x]]A () A = [[x]]

– The interpretation of a terminal x generated by the non-terminal V is

?[[x]](A, ?, B) () [[x]](A) = B

where [[x]](A) is the forward image of A in the binary relation [[x]].

– The interpretation of a terminal d generated by the non-terminal Det is

A[[d]]B () B 2 [[d]](A)
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morphism to this input, and only then take its intersection with the result. So we need to first copy the
input. For this, we use the bialgebraic comonoid map d . With these considerations in mind, we defined
a conservative quantifier to be the following morphism:

[[d]] = (1W ⌦ eW )� (1W ⌦µW ⌦ eW ⌦1W )� (1W ⌦ [[d]]⌦dW ⌦1W⌦W )� (1W ⌦hW ⌦1W⌦W )� (hW ⌦1W )

which is depicted as follows:

[[d]]

W

W

=
[[d]]

W

W W

W

W

Taking the above into account, we obtain the following for the meaning of ‘d n’:

[[d]]

W

W

[[n]]

=

[[n]]

W

W

[[d]]

W

W

W

Using the dual of the bialgebra defined previously, the above can further simplify. or reasons of space,
we do not give this simplification here and refer the reader to [6].

So far, we have worked with an abstract compact closed categorical setting and within tuples of the
form (C ,W,S, [[ ]]), as defined previously. This abstract setting can instantiate to provide concrete models.
For instance, a relational instantiation of the abstract setting can be the tuple (Rel,P(U ),{?}, [[ ]]) with
P(U ) and the singleton set {?} as its two designated objects and where P(U) has a bialgebra over it.
This is the relational instantiation we used in previous work to prove an equivalence between the truth
theoretic version of our semantics and that of Barwise and Cooper. Herein, we first defined meaning of
a sentence s to be true iff ?[[s]]?. We then proved the following equivalence:

?[[s]]? iff [[s]] 6= /0 (1)

That is, the meaning of a quantified sentence is true in the relational instantiation of our abstract categor-
ical setting iff it is true in the generalised quantifier theory. Since sets and relations embed into vector
spaces and linear maps (sets as vector spaces spanned by their elements and relations as linear maps
corresponding to their tables), one can immediately obtains the following embedding of instantiations:

(Rel,P(U ),{?}, [[ ]]) ; (FdVect,VP(U ),V{?}, [[ ]])

The types of these linear maps are as in definition 6, since V{?} ⇠= R is the unit of tensor in FdVect.
Thus, the terminals generated by N, NP, and VP rules have type V{?} ! VP(U); the type of terminals
generated by the V rule is V{?} ! VP(U) ⌦ V{?} ⌦ VP(U)

⇠
=

VP(U) ⌦ VP(U). A terminal generated by
the Det rule has type VP(U) ! VP(U).

Theorem 1 is carried over from Rel to FdVect by defining vector representations of sentences to be
true iff they are non-zero elements of V{?}.

Definition 9. The interpretation of a quantified sentence s is true in (FdVect, VP(U), V{?}, [[ ]]) iff

[[s]](?) 6= 0.

Corollary 1. [[s]](?) 6= 0 in (FdVect, VP(U), V{?}, [[ ]]) iff ?[[s]]? in (Rel,P(U), {?}, [[ ]]).

Proof. The proof goes through the same cases and steps as in Theorem 1. Consider a quantified sentence
of the form ‘Det N VP’. Its interpretation is obtained by calculating [[s]](?), defined to be:

✏

VP(U)
� ([[d]]⌦ µ

VP(U)
) � (�

VP(U)
⌦ id

VP(U)
) � ([[n]]⌦ [[vp]])(?)

The four stages of this computation are as follows

([[n]]⌦ [[vp]])(?) = [[n]](?)⌦ [[vp]](?) = |[[n]]i ⌦ |[[vp]]i (1)
(�

VP(U)
⌦ id

VP(U)
)(|[[n]]i ⌦ |[[vp]]i) = |[[n]]i ⌦ |[[n]]i ⌦ |[[vp]]i (2)

([[d]]⌦ µ

VP(U)
)(|[[n]]i ⌦ |[[n]]i ⌦ |[[vp]]i) =

X

B2[[d]]([[n]])

|Bi ⌦ |[[n]] \ [[vp]]i (3)

✏

VP(U)

0

@
X

B2[[d]]([[n]])

|Bi ⌦ |[[n]] \ [[vp]]i

1

A
=

X

B2[[d]]([[n]])

hB | [[n]] \ [[vp]]i (4)

The interpretation of a sentence with a quantified object ‘NP V Det N’ is computed similarly, resulting
in the following expression: X

B2[[d]]([[n]])

h[[v]]([[np]]) \ [[n]] | Bi

The result of the first case is non zero iff there is a subset B 2 [[d]]([[n]]) that is equal to [[n]] \ [[vp]]. The
result of the second case is non zero iff there is a subset B 2 [[d]]([[n]]) that is equal to [[v]]([[np]]) \ [[n]].
These are respectively equivalent to their corresponding cases in ?[[s]]?, as computed in the proof of
theorem 1.

A corpus-based distributional vector space instantiation of the model is obtained via a construction
similar to the above, but this time with real number weights (rather than boolean ones). These weights
are retrievable from corpora of text using distributional methods. The non-quantified part of this instan-
tiation closely follows that of previous work [11]: nouns and noun phrases live in distributional spaces
similar to the one described in subsection 2.1; verb phrases and transitive verbs live in tensor spaces,
built using the methods described described in the concrete instantiations of the theoretical model of
previous work, e.g. see [17, 23].

Definition 10. The distributional instantiation of the abstract model of definition 3 to FdVect is the

tuple

(FdVect, VP(⌃), Z, [[ ]])

Field of Reals

Vector space spanned by sentences

Generalise
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Field of Reals

Vector space spanned by sentences

, for

VP(⌃)

the vector space freely generated over the set ⌃ and Z a vector space wherein interpretations of

sentences live. The interpretations of terminals are defined as follows:

– A terminal x generated by N or NP rules is given by

[[x]](1) :=

X

i

c

x

i

|A
i

i

for A

i

✓ ⌃.

– A terminal x generated by the VP rule is given by

[[x]](1) :=

X

jk

c

x

jk

|A
j

⌦A

k

i

, for A

j

✓ ⌃ and |A
k

i a basis vector of Z.

– A terminal x generated by the V rule is given by

[[x]](1) :=

X

lmn

c

x

lmn

|A
l

⌦A

m

⌦A

n

i

, for A

l

, A

n

✓ ⌃ and |A
m

i a basis vector of Z.

– A terminal d generated by the Det rule is concretely given on subsets A of ⌃ by

[[d]](|Ai) =
X

B2[[d]](A)

c

d

B

|Bi

As for the types, a terminal generated by the either of the N and NP rules has type R ! VP(⌃), a
VP terminal has type R ! VP(⌃)⌦Z; the type of a V terminal is R ! VP(⌃)⌦Z⌦VP(⌃). A terminal
d generated by the Det rule has type VP(⌃) ! VP(⌃).

Examples of this model are obtained by setting three sets of parameters: (1) instantiating Z to
different sentence spaces, (2) different ways of embedding the distributional vectors of V

⌃

in the space
VP(⌃), and (3) different ways in which word vectors and tensors are built. The concrete constructions for
the weighted interpretations of quantifiers depend on these choices, but can be implemented according
to the same general guidelines. The weight cd

B

of a quantifier d over the basis A can stand for a degree

of set membership. In this case
P

B2[[d]](A) c
d

B

|Bi can be implemented as ‘cd
B

is the degree to which d

elements of A are in B’. This weight can also stand for a degree of co-occurrence and be retrieved from
a corpus. In this case,

P
B2[[d]](A) c

d

B

|Bi is read as ‘cd
B

is the degree to which d elements of A have

co-occurred with B’. We provide three example instantiations below.
Scalar Sentence Dimensions. Suppose Z = R. The interpretation of a sentence with a quantified

subject becomes as follows: X

ij

X

B2[[d]]([[n]])

c

n

i

c

vp

j

c

d

B

hB | A
i

\A

j

i

Similarly, the interpretation of a sentence with a quantified object becomes as follows:
X

ijlm

X

B2[[d]]([[n]])

c

np

i

c

v

jl

c

n

m

c

d

B

hA
i

| A
j

ihA
l

\A

m

| Bi

sent w quant. subject

degrees of truth

sent w quant. subject

Here, take ⌃ = U and one can use the Rel-to-FdVect embedding and obtain a weighted version of the
boolean model of definition ??.

Distributional Sentence Dimensions. Suppose S contains the sentence dimensions of a composi-
tional distributional model of meaning and take Z = VS . The sentence dimensions can be constructed
in different ways. In [?], they were taken to be R, whereas in [?], we took them to be the same as the
dimensions of V

⌃

. In either case, there are different options on how to interpret the dimensions of VP(⌃)

in a distributional model. We present three different constructions below.

1. The singleton construction. Take the interpretation of a terminal x generated by either of the N or
NP rules to be

P
i

c

x

i

|{v
i

}i whenever
P

i

c

x

i

|v
i

i is the vector interpretation of x in the distributional
space V

⌃

. Similarly, a terminal x generated by the VP rule is embedded as
P

ij

c

x

ij

|{v
i

}⌦ s

j

i when-
ever

P
ij

c

x

ij

|v
i

⌦ s

j

i is the matrix interpretation of x in V

⌃

⌦ VS . In the same fashion, a terminal
x generated by the V rule embeds as

P
ijk

c

x

ijk

|{v
i

}⌦ s

j

⌦ {v
k

}i, for
P

ijk

c

x

ijk

|v
i

⌦ s

j

⌦ v

k

i the
cube interpretation of x in V

⌃

⌦ VS ⌦ V

⌃

.
The interpretation of a sentence with a quantified subject becomes as follows:

X

ijk

X

B2[[d]]([[n]])

c

n

i

c

vp

jk

c

d

B

hB | {v
i

} \ {v
j

}i|s
k

i

Similarly, for the interpretation of a sentence with a quantified object we obtain:
X

ijklm

X

B2[[d]]([[n]])

c

np

i

c

v

jkl

c

n

m

c

d

B

h{v
i

} | {v
j

}i|s
k

ih{v
l

} \ {v
m

} | Bi

The weights in the above formulae come from the underlying compositional distributional model.
The vector constructions for nouns and noun phrases are obtained by following a distributional
model; the matrix and cube constructions for verbs are constructed as detailed in [?] or in [?],
depending on the choice of S .

2. Sets of dimensions as lemmas. A lemma is a set of different forms of a word. In this instantiation,
each dimension of VP(⌃) stands for a lemma.
The interpretation of a sentence with a quantified sentence becomes:

X

ijk

X

B2[[d]]([[n]])

c

n

i

c

vp

jk

c

d

B

hB | A
i

\A

j

i|s
k

i

Similarly, the interpretation of a sentence with a quantified object becomes:
X

ijklm

X

B2[[d]]([[n]])

c

np

i

c

v

jkl

c

n

m

c

d

B

hA
i

| A
j

i|s
k

ihA
l

\A

m

| Bi

The weights are retrieved from a corpus by e.g. adding, normalizing, and clustering (e.g. average or
k-means) of the co-occurrence weights of the elements of the lemma set.

3. Sets of dimensions as features. A feature is the set of words that together represent a pertinent
property. In this instantiating, each such dimension of VP(⌃) represents a set of such words. For
instance, {miaow, purr} is the sound feature for the ‘animals’, {run, sleep} is its action feature, and
{cat, kitten} is its species feature. Each dimension of VP(⌃) stands for a feature. The interpretations
of quantified sentences are obtained by computing the same formulae as in the lemma instantiation,
but the concrete values of the weights are obtained differently.
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7 Conclusion

In this paper, we reviewed our previous treatment of generalised quantifiers in the categorical composi-
tional distributional semantics, where some objects have a bialgebra over them. In this paper, we showed
how one can deal with quantifier scope ambiguity in that setting. Scope ambiguity gives rise to branch-
ing quantifiers. We showed how one may deal with branching in that setting as well. A compositional
passage from syntax to scope ambiguity and to branching is however missing from the current treatment;
it constitutes future work.
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